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Section 8 — Crossed Mixture-
Process Tutorials

Design-Expert® software offers “crossed” designs, which combine mixture components
and process factors (numeric and/or categorical). (Before embarking on this tutorial,
you should first complete the previous tutorials on response surface methods (RSM) and
mixture design.) You will exercise this unique mixture-process design feature by
investigating Cornell’s famous fish patty experiment from his textbook Experiments with
Mixtures, published by John Wiley and Sons, New York.

The food formulators hope to make something delicious from a blend of three tasty-
sounding (?) fish: mullet, sheepshead and croaker. Yum! The seven blends in the
design include one of each of the three fishes, plus the three binary blends and a blend of
one-third each. The fish-patties can be cooked at varying deep frying time, oven
temperature and oven time. Testing each of these process factors at two levels for all
seven blends results in a total of 56 experiments. The diagram below shows the blends
as points on triangles, repeated at each of the eight corners of a cube representing the
process.

Fish Patty Design: Seven Blends (on Triangles) at Eight Process Combinations (Cube)

The response measure is patty texture. (Never mind about taste!)

The Experiments as Originally Run

To build the design, choose File, New Design or click on the associated “blank sheet”
icon at the left end of the toolbar. Then click on the Crossed tab and select the User
Defined option. The user-defined option allows you to reproduce Cornell’s design with
all points chosen. Normally, to save on runs, you would want the first choice on the
list, d-optimal, which will select an ideal subset of design points from a candidate set for
a specified model — we’ll explore this option later.
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Enter 3 as the number of components (fish types). Enter the names of the fish as shown
below. The low limits all remain zero. Set all the high limits to 100. Enter the total of
100 and the units as %.

hixture
Response Surface

Factorial

User Defined Design

Us=er defined design with both Mixture and Process factors. User can sp

Total: {100

Imits: I%

Crossed Mix Components: m (2to10)
D Optimal
Lser Defined Hame | = | e |
et 0 100
sheepzhead |0 100
croaker a 100

Defining the Mixture

Click on the Continue button to move on to the process design factors. Enter “3” as
the number of numeric factors. Enter the factor names, units and levels (low and high)

as shown below.

Mumeric Factors: |3 vI [(Oto 107
Categarical Factors: IIZI TI [Oto 107

Marme | Init= | Loy | High
O loventemp  degF 375 425
E: [oven time minLtEs 25 40

25 40

F: {deep fry SeC

Defining the Process

Click on the Continue button to define the models you want to fit for the mixture and
process portions of the crossed design. The default model is quadratic by quadratic.
Click on the Edit model button and change the default for the Process Order to

Linear. Click the OK button to implement the change.

Base model for design E

hizz Orcler: IQuadratiu: VI hiodel:
IScheffe vI

Defining the Design Models for Process and Mixture

Proceszs Order: |[M
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Now, direct your attention to the “candidate” points. Normally only some of these
points would actually make it to the design, but by choosing the User Defined option,
you get all of them in the design. However, there’s a problem - the Mixture candidate
set of points (at left of screen) contains more points than those chosen by Cornell. Fix
this by clicking off the Axial check blends and Interior blends. Only vertices,
centers of edges and the overall centroid should now be checked. The Process
candidate set of points (at right) also contains more points than those chosen by Cornell.
Click off the Check points and the Overall centroid. Click on the Create
candidate points button to see how many points you get. As shown below, the points
should total to 56 (the 7 mixtures specified by Cornell, multiplied by 8 process

combinations).
hizture ol Process
W “ertices 3 ||V wertices 8
W Centers of edoes 3 | T Centers of edoes ]
™ Thirdz of edoes 0T Thirds of edyes i
[~ Triple blends 0| | T Triple blends i
I~ Constraint plane centroids 0| |~ Constrairt plane centroids 0]
[~ Axial check blends 0 || check points 0
I Inteior blends 0T Interior points i
W Owerall centroid 1| [T~ owerall centroic 1
Total mixture points 7 Total process paoints 5]
Read list... ‘Wirite list... | Tisie] s 6 | Creste candidate points I
Experitnents

T estifn ste mul el I Edlit model... |

T estmEte Sk afi i I Baze Madel Quadratic = Lingar

replizates: I
B Scheffe

Adefitional Center Poirts: IU

Total Experiments: 56

Candidate Points After Deselecting Some of the Default Choices

Click on the Continue button to move on to the response specification. Enter Ave
Texture with units of gm*10”-3. Click on the Continue button to complete the
design. Design-Expert now displays the 56 experiments in random run order.

Analyze the Results

To get the response data, right click on the header of the response column, select
Simulate Response and choose the file named Fish Patties.sim. The simulator
displays its output at a readable speed so you can observe the responses. Anything
outside of 2 to 3.5 is bad. To preserve the results, go to File and select Save As.
Change the file name to Fish Patties or some other unique name of your choice.

To analyze the data, click on the node labeled Ave Texture. Then, click on the Fit
Summary button. The software may take a while to complete the computations. You
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now see a unique matrix of probabilities that helps you determine the best crossed model
for mixture and process. Check on-line Help for details on how to interpret this matrix.
As shown below, the software provides suggestion(s) on which combination is best — in
this case, a quadratic mixture model crossed with a linear process model. Either the
higher orders of model terms do not significantly improve explanation of variance, or
they cannot be used due to aliasing. (Remember that this design was set up for a
quadratic model for the mixture components and linear model for process factors.)

Wil sty ML
| | | | | |
nueTexture E

Mixture Process Crossed Model Table

Prob > F Matrix

[Mixture Order] Process Order
| Mean Linear 2F1 Quadratic Cubic

[Mean**] = 0.0001 0.9383 * * 05485
[ = 0.0001 0.6237 * *0.9176

[Linear] = 0.0001 = 0.0001 = 0.0001 * = 0.0001 * = 0.0001
[ = 0.0001 01129 * *0.7158

[Guadratic] 0.5401 0.0003 0.0028 * 00025 *[0.0389 Suggested
[ = 0.0001 01212 * *

[Special Cubic 0.5426 0.4611 0.2567 * 02567 *
[ * = 0.0001 *01212 * *

[Cuhic] * * * * *
|- * The crozsed model iz aliazed

# pote that Mean Mixture order can only be selected for Analysis or Evaluation models

if the parameterization is chanded fraom Scheffe o Slack.

Fit Summary for Crossed Model

Scroll down to see more statistics on the various crossed models. Again note that the
Quadratic*Linear is suggested by the software. Go ahead now and click on the Model
button. Design-Expert uses the suggested model as its default. Accept these for the
moment by clicking ahead to the ANOVA button. Notice that many of the model terms
exhibit high Prob>F values. This is a byproduct of crossing the two models for mixture
and process, which creates many superfluous higher-order terms. When analyzing
designs like this, you will often find it beneficial to reduce your model to just the
significant terms, subject to requirements for maintaining hierarchy (no interactions
without their parent terms).
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To reduce the model, go back and click on the Model button. You could manually
deselect the insignificant terms observed from the ANOVA, but it will be quicker to let
Design-Expert do this for you. Change the selection mode to Backward.

Irrstem | sy | )| Ao | mowsts|
Mix Order: | Quadatic =] A Term | I

Process Order: ILinear j
hiodel: IScheffe vI
Alpha Out
Selection:  (Backward : 0.0500

Selecting Backward Reduction

This enables automatic model reduction by a backward (stepwise) algorithm. The
criteria for elimination will be a probability value of 0.05 as specified in the Alpha Out
field. Click on the ANOVA button. As shown below, the software gives you a report
on eliminated terms.

Al Ml
Teansfarm MT,? ml ANOIA Im fm |

Uze your mause to right click on individual cells for definitions.

Response: Ave Texture

Backward Elimination Regression with Alpha to Exit = 0.050

Forced Terms A B, C

| Coefficient tfor Ho
| Removed Estimate Coeff=0 Prob = |t| R-Squared MSE
| BCE  -6.402E-003 -0.027 09755 09765 0.0
| ACF -0.020 -0.083 09345 04765 0.0
| CF §.006E-003 017 08633 04765 0.0z2o
[ ABF 010 046 0E510 0Aa7e7 0.020
| ACE -0.12 -0.54 0.5954 09765 0.oma
| BCD 013 -0.59 05612 04762 nma
[ BCF 017 -0.87 03916 04753 003
[ BC 0.36 161 01161 0974z 0os
AF -0.079 -1.99 0.0533 0976 0.0

Report on Removed Coefficients After Backward Elimination

The ANOVA table shows that the reduced model fits very well.
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ANOVA for Crossed Reduced Quadratic x Linear Model

__|Analysis of variance table [Partial sum of squares]
| Sum of Mean F
__|Source Squares DF Square Value Prob>F
__|Madel 2926 14 209 100.23 < 0.0001
__|Lnear Midure 14.04 Z oz 336,59 < (0.0007
| AB 0.38 T 0.38 18.00 0.0007
| A 028 1 0.2 13.27 0.0008
| AD 1.92 1 1.92 92.27 < 0.0007
| AE 471 T 477 226.02 < 0.0007
| BO 026 1 .26 12.71 0.0009
| BE Q.64 1 0.64 30.62 < (0.0007
| BF 015 T 015 £.97 007117
| o .55 1 0.55 26.25 < 0.0007
| CE 1.87 T 1.87 56.94 < 0.0007
| ABD 024 1 0.24 11.60 0.0075
| ABE 016 1 (5] 7490 0.0075

ACD 017 T 011 5.06 00269

Analysis of Variance (partially shown) for Crossed Model

Click on the Diagnostics button and examine the diagnostic graphs. They look good,
so move on to the Model Graphs to view the response in mixture (triangular) space.

mm‘ mﬁ,,| Mool | ANTYS |m

DESIGN-EXPERT Plot A mullet

100.00
Ave Texture
X1 = A mullet
X2 = B: sheepshead 2.56921

X3 = C: croaker

Actual Factors

D: oven temp = 400.00 (2.77553]
E: oven time = 32.50

F: deep fry = 32.50

0.00 0.00

[1.98386]

[FeBsheeomhent 16118
|o_r|W 1.3985
[ 1

Term - 100.00 0.00 100.00
B: sheepshead C: croaker

Ave Texture

Mixture View for Model Graph
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Click or grab the various process factors on the floating tool bar and move them to see
how the response changes. This requires many computations so expect somewhat of a
time lag. Now right-click on the Factors Tool where it lists D:oven temp and select
it for the X axis. As shown below, the view changes to process (rectangular) space.

DESIGN-EXPERT Plot Ave Texture

40.00 2 37653
Ave Texture

X =D: oven temp
Y = E: oven time

Actual Components .25 | 1.88386
A:mullet = 33.33

B: sheepshead = 33.33
C: croaker = 33.33

Actual Factor

F: deep fry = 32.50 280

E: oven time

1.63118

I_ AFuHet +
I_ S:.s\'rle,a.s\'reao‘ + 2875
I_ C.Imaéﬂer +
[ bt BT
IY E:oven time m
¥ axis |
- F:deip fry 4 |
— | | |
375.00 357.50 400.00 412,80 425.00
Term I 'l

D: oven temp

Changing to the Process View

If you want to get nicer contours with fewer significant digits, right click on the graph
and select Graph preferences. Then, in the Preference area, click on Contours and
change the values as well as the Format.

Continue on if you like and explore different combinations of the mixture components
and the third process factor. Due to the complexity of the crossed models, the updating
of the graph will be slower than normal, so be patient.

Find the Optimal Solution

The goal of the experimental program is to learn how to produce fish patties with a
texture in the range of 2.00 to 3.50 x 10° grams. The target is 2.75. To find the optimal
combinations of formulas and processing, click on the optimization node labeled
Numerical. Then select Ave Texture. Select a Goal of is target-> and enter 2.75.
Then for Limits enter a Lower of 2 and Upper of 3.5. Leave the weights and
importance settings at their default levels. Your screen should now look like that below.
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[ Motes tor MyDezign | AT
; iy Solgtions | Graphs
Design
| Stat
_ OJ = mulet Ave Texture
o= ] Evalugtion sheepshead
v FII Comstraints croak;ar
. aven temp Goal [is target = | |273
E Analysis oven time =08 I ! J I
desp fr
. _l_'| Ave Texture(Analyz ..'1.-...-.=T.=.1ur.=. Lovver Upper
- A | Optimization T
B Limits: |2 |3-5
| Graphical Wisights: I1 |1|
] Point Prediction Er— | Importance: |+++ T
275
2//‘\:\3.5
0.58 413
Ave Texture

Optimization Criteria for Texture

Click on the Solutions button. Then mouse to the Solutions Tool and select the
Ramps option. Notice the many solutions listed at the top of your screen. (Due to the
random nature of the optimization algorithm, your screen may show fewer or more
solutions.) The software defaults to what it thinks may be the best solution. However,
in this case, if you click solution number 2 and beyond, you will see many combinations

that satisfy the texture requirements.

(i Salitions ﬂw|

JEM 2 |3+ |selr]s]fs]

S

0.ao 100.00

mullet = 94 .87

T L

374.00 425.00

oven temp = 408 48

Ave Texture = 274839

0.ao 100.00

sheepshead = 1.76

2500

oven time = 30.71

Desirability = 1.000

0.00 100.00

croaker = 3.37

40.00

deep fry = 32.00

Histogram

One of Many Solutions for Making Fish Patties with Proper Texture

8-8 ¢ Crossed Mixture-Process Tutorials

Design-Expert 6 User’s Guide



Rev. 7/10/01

The Experiments as D-Optimal Design

As noted in the introduction, we wanted to reproduce the fish patty case exactly as
reported by Cornell in his textbook Experiments with Mixtures. Now let’s try a d-
optimal design, which will be much more efficient. We recommend you use this
approach to designing your own mixture-process experiment.

Choose File, New Design. When asked whether to “Save changes to Fish
Patties,” click on No. The software then asks whether to “Use previous design
info.” Click on Yes.

DX6 !

& Use previous design info?

Re-using Previous Design Information

You now see the builder for Crossed designs, but with all the component names already
filled in for you. Select the D Optimal option.

I

Mixture

D Optimal Design

Response Surface D Optimal point selection far designs with
Factarial

Croszed

Wiz Components: |3 vl (210

Usger Defined | wame | Low | Hi

D Optimal Design Option for Crossed Design

Click on the Continue button to see the process factor screen. This is already filled in
so just click again on Continue to bring up the D Optimal design screen. This should
already be set up for the quadratic-linear base model that you want for the process-
mixture design on the fish patties.

The d-optimal algorithm will select a subset of design points from a candidate set to
estimate the specified model. Look carefully at the candidate set screen. Notice the
ungrayed options at the bottom for specifying the number of experiments. Since the
original data has no replicates, set Replicates to 0. Hit the tab key and you should see
a total of 29 experiments. Leave the options for model and lack of fit at their default
levels. To obtain more details on these options, for example the model points, right click
over the descriptor (not the entry field) and select What’s This?.
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’rExperimerrts

-Experiments

To estimate

1 Tn estimate model: {24
Showes howe many design points are needed to estimate all the &
model coefficients. If this is too many points, choose a
different model to fit.

|'|-E|t':5: Thiz?

To estimate |

Replicates: ||:|
Aciditional Center Points: ||:||

Total Expetiments: 29 i

Addtional Center Paints:

[0

Tctal Experiments: 29

Getting Details on Options via Context-Sensitive Help System

Before moving on, you need to re-create the points originally selected by Cornell. In the
Mixture candidate set of points (at upper left of screen), click off the Axial check
blends and Interior blends. In the Process candidate set of points (at right), click
off the Check points and the Overall centroid. Then click on the Create
candidate points button. You should now get a total of 56 candidate points, the same
as when you did earlier when you set up this case study as a User Defined design.

Mixture CETHERE el Frocess

¥ “ertices 0 || “Yetices 0
¥ Centers of edges 0 || Centers of edges [
[T Thirds of edges 0 || Thirds of edges [
[ Triple blends i || Triple blends ]
[T Constrairt plane certroids 0 || I Constraint plane centroids ]
[T axial check blends 0| check points ]
[T Interior blends 0 [T Interior points [
¥ Owersll centraic 0 0
Total mixture poirts 0 Total process points 0

Fead list. .. A [ e Tite| s st 0 Create candidate pointz

Candidate Points After Deselecting Some of the Default Choices

Click on the Continue button to move on to the response specification. Accept the
default response name by clicking Continue. Design-Expert now builds four different
d-optimal designs and selects the best. There are often several equally good subsets of
the candidate points. The design you get depends on the original starting point, which is
selected via a “random bootstrap” method. (For details on how this is done, see the
write-up on d-optimal in the Statistical Details: Design Selection section of this manual.
You can change how many designs the program builds, and other parameters of the d-
optimal algorithm, via Edit, Preferences, Math Design.) The 29 experiments listed can
be different each time you do a d-optimal design. The design we got is pictured below.
(Sorry, but you can’t get picture this with Design-Expert — yet.)
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Fish Patty Design: 29 D-Optimal Combinations

Analyze the Results

To get the response data, right click on the header of the response column, select
Simulate Response and choose the file named Fish Patties.sim. The program
then generates data. To preserve the results, go to File and select Save As. Change the
file name to “Fish D-opt” or some other unique name of your choice.

To analyze this data, click on the analysis node labeled Ave Texture. Then click on
the Fit Summary button. Design-Expert suggests a linear mixture model crossed with
a linear process model. Taking the recommendation at face value, one would conclude
that this outcome differs from the larger User Defined design, where the suggested
model was a quadratic mixture model crossed with a linear process model. However, if
you scroll down, you will see that this more complex model produces a better adjusted
R-squared, which indicates that the added terms provide some benefit. Unfortunately,
the quadratic*linear model exhibits a negative predicted R-squared, so the program
cannot suggest you use this.

(] Not;:;rnﬂsh d-opt.oxf prem ‘ o ‘ ‘ 5‘% ‘
Sttus | | | | [
2] Evalyation | Model Summary Statistics
gﬁ]na(is;jrairds . Source Std. Adjusted  Predicted
[Mix]*Process Dev. R-Squared R-Squared R-Squared PRESS
Optimization | [Mean]Linear 0.60 0.4035 0.3319 0.1983 1226
Mumerical . [Mean]"2FI 0.63 0.4257 0.2741 0.0974 1381
il | [Mean[*Quadratic 063 0.4297 0.2741 0.0974 1381 Aliased
Point Freciction [Mean|Cubic 0.64 0.4309 0.2411 + Aliased
[Linear™tean 0.54 0.4963 0.4575 0.3586 2.8
Lineat]*Linear 021 0.9459 091745 08314 258 Suggested
|Linear]"2F1 0.20 0.9649 0.9243 + Aliased
| [Linear["Quadratic 0.20 0.9649 0.9243 + Aliased
[Linear|*Cubic 021 0.9663 09213 + Aliased
| [Quadratic]"Mean 057 0.5168 0.4118 0.2263 1184
[Quadratic]*Linear 0.14 0.9932 0 -0.5001 2295

Model Summary Statistics (your results may differ slightly due to random bootstrap)
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Given what is known about this system from prior experimentation, and the promising
adjusted R-squared value, it makes sense to click on the Model button and change the
mixture model order to Quadratic. Then change the selection mode to Backward.

LD mwn | mgmestis) Mty

Maael

Mdizc Creler: IQuadraﬁC i l

Add Term | I

Process Oroer: IL\near -

Selection: IElac:kward v l

bl Forveardd
Stepwize

AB I

hadel: IScheffe b l

Alpha Out

I 0.0:300

Modified Mix Order (Quadratic) and Selection Criteria (Backward)

This enables model reduction, which will eliminate many superfluous high-order terms
generated by the crossing of models. Clicking on the ANOVA button to see what
happens to the predicted R-squared value. The software gives you a report on
eliminated terms. Scroll past this to the actual ANOVA and accompanying statistics.
Notice that the reduced model fits very well. The predicted R-squared now exceeds that

of the linear*linear model!

e ol et U ] 5

| Sum of
__|Source Squares
__|Model 15.09
__|Linear Midure 759
| AB 0.21
| AC 015
| AD 095
| AE 292
| AF 016
| B0 016
[ EBE 0.49
| .o 0.38
| CE 0.42
| ABD 0.097
[ ABE 013
__|Residual 0.21
__|CorTotal 15.30
__|5td. Dev. 01z
__|Mean 1.94
|G 5.05
__|PRESS 063

Mean

DF Square
1.16

380

021

015

095

292

016

016

049

038

042

0.097
013

0.014

L T T Y e A = 7%

[
=}

R-Squared
Adj R-Squared

Adeq Precision

ANOVA for Crossed Reduced Quadratic x Linear Model

__|Analysis of variance table [Partial sum of squares]

Value
84.37
275.89
15,40
10.66
69.07
292.34
11.81
11.54
3549
27.83
3060
F.o&
989

Prob > F
< 0.0001
< 0.0001
00074
00052
< 0.0007
< 0.0001
0.0037
0.0040
< 0.00071
< 0.00071
< 0.0001
00780
00074

ANOVA After Backward Reduction (Your results may differ)
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Click on the Diagnostics button and examine the diagnostic graphs. They look good.

Click on the Model Graphs button and have a look. You will find that the outcome is
essentially identical to that from the much larger User Defined design.

If you like, continue on to the numerical optimization and re-enter the target of 2.75 with
limits of 2 to 3.5. The recommended formulation for ideal texture of the fish patty
should be very similar to what you found before with the much larger user-defined
design. Before leaving this example, you might want to try some “what ifs”: Maximize
or minimize various fish components (depends on relative cost), and/or minimize deep
fry and oven time (to increase productivity). You can see the ultimate power of doing
the crossed DOE on mixture and process.

feolstcnaliitcnd

Final comments

In all but the simplest case, a User Defined design (all possible combinations of mixture
and process points) will be too large to be practical. Consider doing a d-optimal design,
which provides a reasonable subset of points to estimate the model you specify.
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